These are notes of a series of lectures on mirror symmetry and topological string theory given at the Mathematical Sciences Center at Tsinghua University. The N = 2 superconformal algebra, its deformations and its chiral ring are reviewed. A topological field theory can be constructed whose observables are only the elements of the chiral ring. When coupled to gravity, this leads to topological string theory. The identification of the topological string A-and Bmodels by mirror symmetry leads to surprising connections in mathematics and provides tools for exact computations as well as new insights in physics. A recursive construction of the higher genus amplitudes of topological string theory expressed as polynomials is reviewed.
Introduction
The study of supersymmetric gauge theories and string theory has been a very fruitful arena of interaction between mathematics and physics which has pushed the boundaries of knowledge and understanding on both sides. A key lesson learned on the physics side is that it is very useful to think of physical theories in terms of families, where members of a family of theories are related by deformations. This amounts to studying theories together with their space of couplings. Physical theories are usually formulated using a Lagrangian for the light degrees of freedom and their interactions. When the interactions are governed by a small coupling, perturbative techniques can be used to evaluate the correlation functions of the physical observables. Perturbation theory does however not take into account non-perturbative effects which are nontrivial field configurations with finite action which have to be considered as various backgrounds for perturbation theory and are in general hard to study. As the coupling of the theory is varied, perturbation theory breaks down as the non-perturbative effects become more and more important signaling that the original choice of light degrees of freedom is no longer valid. Hence, in different regions in the coupling space, perturbative and non-perturbative degrees of freedom may interchange.
A great leap forward in the understanding of the interplay of perturbative and non-perturbative degrees of freedom and the physical manifestation of their interchange in terms of dualities followed the pioneering work of Seiberg and Witten (SW) [1] . In this work the exact low energy effective theory was determined including all non-perturbative effects using holomorphicity and the expected behavior at singularities in the space of the effective couplings due to physical particles becoming massless. The key insight was that the problem of determining the exact couplings could be mapped to an equivalent mathematical problem of determining periods of a curve. This auxiliary geometry could be given a physical meaning, identifying it with part of the Calabi-Yau (CY) threefold geometry of a type IIB string compactification [2] , embedding this understanding into the larger framework of string dualities (See [3] for a review).
One particular physical duality which had emerged earlier is mirror symmetry. It was observed that an exchange of signs of some generators of the N = (2, 2) superconformal algebra underlying some string compactifications leads to an isomorphism [4] . This isomorphism identifies furthermore a ring of operators in the superconformal algebra, the chiral ring [5] . The deformation problem and the isomorphism defined abstractly using the superconformal algebra can be given a mathematical meaning when this algebra is realized by nonlinear sigma models defined on different target spaces Z and Z * , see [6] and references therein. 1 Truncating the states of a representation of the superconformal algebra to those created by operators in the chiral ring and summing over all 2d topologies defines topological string theory, the two isomorphic versions are called the A-and the B-model. These probe Kähler and complex structure deformations of mirror Calabi-Yau threefolds Z and Z * . The B-model is more accessible to computations since its deformations are the complex structure deformations of Z * which are captured by the variation of Hodge structure. Mirror symmetry is established by providing the mirror maps which are a distinguished set of local coordinates in a given patch of the deformation space. These provide the map to the A-model, since they are naturally associated with the chiral ring.
At special loci in the moduli space, the A-model data provides enumerative information of the CY Z. Using methods [11] to construct the mirror manifold of the quintic, it was thus possible [12] to compute the data associated to the variation of Hodge structure in the B-model and make predictions of the Gromov-Witten (GW) invariants. The higher genus GW invariants can be resummed to give integer multiplicities of BPS states in a five-dimensional theory obtained from an M-theory compactification on Z [13, 14] . Moreover, the special geometry governing the deformation spaces allows one to compute the prepotential F 0 (t) which governs the exact effective action of the four dimensional theories obtained from compactifying type IIA(IIB) string theory on Z(Z * ), respectively. Various 4d gauge theories can be geometrically engineered [15, 16] and mirror symmetry can be used to compute their exact effective actions. (See also [17] and references therein.)
The prepotential is the genus zero free energy of topological string theory, which is defined perturbatively in a coupling constant governing the higher genus expansion. The partition function of topological string theory indicating its dependence on local coordinates in the deformation space has the form: Z(t,t) = exp g λ 2g−2 F (g) (t,t) .
(1.1)
In Refs. [18, 19] , Bershadsky, Cecotti, Ooguri and Vafa (BCOV) developed the theory and properties of the higher genus topological string free energies putting forward recursive equations, the holomorphic anomaly equations along with a method to solve these in terms of Feynman diagrams. For the full partition function these equations take the form of a heat equation [19, 20] and can be interpreted [20] as describing the background independence of the partition function when the latter is interpreted as a wave function associated to the geometric quantization of H 3 (Z * ).
Using the special geometry of the deformation space a polynomial structure of the higher genus amplitudes in a finite number of generators was proven for the quintic and related one parameter deformation families [21] and generalized to arbitrary target CY manifolds [22] , see also Refs. [23, 24, 25] . The polynomial structure supplemented by appropriate boundary conditions enhances the computability of higher genus amplitudes. Moreover the polynomial generators are expected to bridge the gap towards constructing the appropriate modular forms for a given target space duality group which is reflected by the special geometry of the CY manifold.
The aim of these notes is to provide an accessible concise introduction into some of the ideas outlined above. The presentation is far from being self-contained and the topics which are covered represent a small sample of a vast amount of developments in this field, reference will be given to the original literature and to many of the excellent reviews on the subject. By the nature of it, the material presented here is very close to own contributions and in fact it relies heavily on Refs. [22, 26, 27, 28] .
The outline of these notes is as follows. In Sec. 2 the N = 2 superconformal algebra and its chiral ring as well as its deformations are reviewed. It is discussed how to construct a bundle of states out of the subring of the chiral ring spanned by the deformation operators. Furthermore, the geometric realization of the N = (2, 2) superconformal algebra as a nonlinear sigma model is described. In Sec. 3 it is outlined how topological string theory can be obtained by first restricting the physical observables to the chiral ring and then coupling to gravity. The two inequivalent ways of doing so, the A-and B-model are discussed as well as the geometric interpretation of the chiral ring on both sides. Special geometry and its B-model realization in the variation of Hodge structure are reviewed. The quintic and its mirror are discussed as an example of constructing mirror geometries and finding the mirror map. In Sec. 4, the BCOV anomaly equation and its recursive solution are reviewed. Using special geometry, a polynomial structure of the higher genus amplitudes can be proven and used for easier computations when the physically expected boundary conditions are implemented. An example of applying this structure to the quintic is given.
The superconformal algebra and the chiral ring
Mirror symmetry originates from representations of the N = (2, 2) superconformal algebra, which refers to two copies, left-and right moving of the N = 2 superconformal algebra which is discussed in the following. The topological string A-and B-models which are identified by mirror symmetry refer to a truncation of the states of a representation of N = (2, 2) superconformal algebra to the chiral ring [5] . The following is based on Refs. [27, 29, 6, 30, 31, 10, 32] .
N = 2 superconformal algebra
The N = 2 superconformal algebra is generated by the energy momentum tensor T (z), which has conformal weight h = 2, by two anti-commuting currents G ± (z) of conformal weight 3/2 and a U (1) current J(z) under which the G ± (z) carry charge ± and z is a local coordinate on the 2d worldsheet. These currents satisfy the following operator product expansions (OPE): 6) where the dots refer to the addition of regular terms in the limit z → w, c is the central charge.
The boundary conditions which must be imposed for the currents G ± (z) can be summarized as follows
with a continuous parameter a which lies in the range 0 ≤ a < 1. For integral and half integral a one recovers anti-periodic and periodic boundary conditions corresponding to the Ramond and Neveu-Schwarz sectors, respectively. The currents can be expanded in Fourier modes
The N = 2 superconformal algebra can be expressed in terms of the operator product expansion of the currents or by the commutation relations of their modes. The latter reads:
The algebras obtained for every value of the continuous parameter a are isomorphic. This isomorphism induces an operation on the states which is called spectral flow. This operation shows the equivalence of the Ramond (R) and Neveu-Schwarz (NS) sectors as the states in each sector are continuously related by the flow. Moreover, as NS and R sectors give rise to space-time bosons and space-time fermions respectively, this isomorphism of the algebra induces space-time supersymmetry.
Chiral ring
The representation theory of the N = 2 superconformal algebra is equipped with an interesting additional structure, namely a finite sub-sector of the operators creating the highest weight states carries an additional ring structure which is discussed in the following. The unitary irreducible representations of the algebra can be built up from highest weight states by acting on these with creation operators which are identified with the negative modes in (2.8) . Similarly all the modes with positive indices can be thought of as annihilation operators which lower the L 0 eigenvalue of a state. A highest weight state is thus one which satisfies,
The zero index modes L 0 and J 0 modes can be used to label the states by their eigenvalues
In the Ramond sector there are furthermore the modes G ± 0 . If a state is annihilated by these then it is called a Ramond ground state. A highest weight state is created by a primary field φ φ|0 = |φ .
(2.12)
The subset of primary fields which will be of interest is constituted of the chiral primary fields. States which are created by those satisfy furthermore
The name anti-chiral primary will be used for the primary fields annihilated by G − −1/2 . In combination with the representations of the anti-holomorphic currents G ± this leads to the notions of (c, c), (a, c), (a, a) and (c, a) primary fields, where c and a stand for chiral and antichiral and the pair denotes the conditions in the holomorphic and anti-holomorphic sectors. Considering φ|{G
with equality holding for chiral states. This property of chiral primary states is an analog of the BPS bound for physical states. Now looking at the operator product expansion of two chiral primary fields φ and χ φ(z)χ(w) =
the U (1) charges add q ψ i = q φ + q χ and hence h ψ i ≥ h φ + h χ . The operator product expansion has thus no singular terms and the only terms which survive in the expansion when z → w are the ones for which ψ i is itself chiral primary. It is thus shown that the chiral primary fields give a closed non-singular ring under operator product expansion. Furthermore, one can show the finiteness of this ring by considering 17) to see that the conformal weight of a chiral primary is bounded by c/6. For the worldsheet description of certain string compactifications two copies of the N = 2 superconformal algebra are required, these are usually referred to as left and right moving or holomorphic and anti-holomorphic, the currents of the latter will be denoted by T , G ± , J. The algebra is then referred to as the N = (2, 2) superconformal algebra. In the N = (2, 2) superconformal algebra there are now four finite rings, depending on the different combinations of chiral and antichiral in the right and left moving algebras, this gives the (c, c), (a, c), (a, a) and (c, a) rings, one sees that the latter two are charge conjugates of the first two. The relation between charge and conformal weight for an anti-chiral primary becomes
Denoting the set of chiral primary fields by φ i where the index i runs over all chiral primaries, the ring structure can be formulated as follows 2
Deformation families
Mirror symmetry is a symmetry relating the deformation family of the (a, c) chiral ring with the deformation family of the (c, c) chiral ring. To make this statement more precise the deformation family of the (c, c) chiral ring will be discussed in the following. Deformations of a conformal field theory are achieved by adding marginal operators to the original action, these are operators having conformal weight h + h = 2. In the following spinless operators will be studied which have h = 1, h = 1. The operators which maintain their h = h = 1 conformal weights after perturbation of the theory are called truly marginal operators. Such operators can be constructed from the chiral primary operators in two steps. For instance in the (c, c) ring, starting from an operator of charge q = q = 1, h = h = 1/2 one can first construct 19) which now has h = 1, q = 0. In the next step 20) which has h = h = 1 and zero charge and is hence a truly marginal operator and can be used to perturb the action of the theory
where a priori also the deformations coming from the (a, a) operators are included and n = dimH (1, 1) denotes the dimension of the subspace of the Hilbert space of the theory spanned by the states which are created by the charge (1, 1) operators. A similar construction can be done for the (a, c) chiral ring. The superscript notation is borrowed from topological field theories where an analogous construction gives the two form descendants which can be used to perturb the topological theory, see for example [33] . The deformations constructed in this fashion span a deformation space M, the moduli space of the SCFT.
The deformation subring
For the study of the geometric realization of the equivalence of the SCFTs a holomorphic vector bundle V C over the deformation space M is introduced. Its fiber corresponds to a subset of the ground-states of the theory. Its importance lies in the fact that the ground-states of the theory do not change over the space of deformations [9] . However, there is a certain way of splitting the bundle which varies smoothly over the moduli space. This bundle collects the states of the theory which are created by the sub-ring of the chiral ring spanned by the charge (1, 1) operators. A basis for this sub-ring is denoted by
. . , n. φ 0 is the identity operator of charge (0, 0) and (φ D ) i are the charge (2, 2) fields and (φ D ) 0 is an element of charge (3, 3) . The threepoint function on the sphere is the correlator of 3 chiral fields of charge (1, 1):
Using the chiral ring relation (2.18) this allows the following manipulation: 23) defining the topological metric η im which gives a pairing between the charge (1, 1) and charge (2, 2) operators. This metric can be used to raise and lower indices and identify the structure constants of the chiral ring with the threepoint function. 4 Using φ i = η ij (φ D ) j and (φ D ) 0 = 1 , η 00 = 1, the ring structure can now be put in matrix form
The states created by this sub-ring are organized in a vector bundle 25) where H (i,i) denotes the subspace of the Hilbert space of states created by charge (i, i) operators. The splitting of the bundle is given by the charge grading. The variation of this grading over the moduli space M and its geometric realization is going to be a central theme in the study of mirror symmetry. The operator-state correspondence can be used to obtain a basis of the vector bundle from the basis of the chiral ring operators. Denoting by |e 0 ∈ H 0,0 the unique ground state of charge (0, 0) up to scale, a basis for V can be obtained as follows
The metric on this bundle is given by the topological metric
The representation of the chiral ring in this basis reads
This structure will turn out to be crucial for the understanding of mirror symmetry. In terms of coordinates on the moduli space M an insertion of the chiral field φ i is equivalent to an infinitesimal displacement in moduli space and hence can be obtained by a derivative
Denoting the matrix on the right hand side by C i , the whole equation can be read as a connection on the bundle ∇ = ∂ i − C i which is flat. 5
This connection is called the Gauss-Manin connection since the geometric realization of it on the B-model side coincides with the Gauss-Manin connection defined in the variation of Hodge structure.
Geometric realization of SCFT
A geometric realization of the N = (2, 2) SCFT is provided by the nonlinear sigma model [35, 6] , see also the reviews in Refs. [9, 31, 10] . The focus here is on the geometric realization of the (a, c) and (c, c) rings. The nonlinear sigma model that will be considered is a field theory of bosons φ and fermions ψ, χ living on a 2d Riemann surface Σ, being related by supersymmetry where the bosonic fields are considered as coordinates of some target space X, i.e., φ : Σ → X.
In order for the theory to have N = (2, 2) supersymmetry the target space spanned by the bosonic fields has to be a Kähler manifold, which in turn allows one to split its tangent bundle
The action of the theory is (as given in Refs. [6, 10] 
Denoting by K the canonical bundle on Σ the fermions are sections of
The covariant derivative in the action is with respect to these bundles. The fermions ψ and χ correspond to the left and right moving sectors. The action is conformally invariant if the Ricci tensor is vanishing, together with the Kähler condition this yields a Calabi-Yau target space. The supersymmetries are given by the following transformations of the fields:
33)
35)
where
realization of the currents (2.1) is given by:
38) 41) and similarly for T , G + , G − , J. The supersymmetry variation in terms of the charges of the supersymmetry currents reads: 7
3 Topological string theory and mirror symmetry
The geometric realization of the isomorphic (a, c) and (c, c) chiral rings of the superconformal algebra are studied using topological string theory which is a 2d topological field theory coupled to gravity.
Topological field theory
In the following some features of topological sigma models of cohomological type [35] will be outlined. These are sigma models, i.e., theories of maps φ : Σ g → X into some target space X, the case of interest is where Σ g denotes a Riemann surface of genus g. The maps are realized physically as bosons and fermions which are related by supersymmetry. The additional structure of cohomological topological field theories is the existence of a Grassmann, scalar symmetry operator Q, which is sometimes called the BRST operator, with the following properties:
• Q is nilpotent Q 2 = 0 .
• The energy momentum tensor is Q exact,
A direct consequence of the last property is that the correlation functions do not depend on the two dimensional metric. To see this one notices that a variation with respect to the metric is equivalent to inserting the energy momentum tensor in the correlators, this one being exact and Q being a symmetry of the theory shows the metric independence. Furthermore, physical states of the theory correspond to cohomology classes of the operator Q and the semi-classical approximation for evaluating the path integral is exact. Further background as well as derivations of these properties can be found in [36, 9] .
Twisting and topological string theory
A topological field theory can be constructed from the N = 2 superconformal field theories whose states are those created by operators in the chiral ring. This is achieved by treating the annihilators of the states in question as BRST operators and considering only those states as physical states which are annihilated by the BRST operator. From the definition of a chiral state in Eq. (2.13) and its anti-chiral counterpart it is clear that if one wants to restrict to the (a, c)/(c, c) chiral rings then the operators in question should be:
These operators square to zero in the algebra (Q A/B ) 2 = 0 fulfilling the first requirement of (3.1).
The energy momentum tensor using either operator is however not Q−exact and furthermore the operators are fermionic. Topological string theory is obtained by coupling the resulting theory to 2d gravity which involves an integration over all 2d geometries and metrics. The two dimensional geometries are the Riemann surfaces which are organized by their genus g. One has in particular to be able to define the BRST operator globally on every such Riemann surface. The charges corresponding to the SCFT G ± currents are however fermions. In order to have a global well defined charge on every Riemann surface the topological twist is introduced. Since the spin of a current is determined by its conformal weight, which appears in the operator product expansion with the energy momentum tensor, the idea of the twist is to modify the energy momentum tensor. The new energy momentum tensor is a combination of the old one and the U (1) current J. Depending on which ring one wants to restrict to, this is achieved by
yielding Grassmann valued scalars Q A and Q B . Restricting to the chiral ring for example one now has:
from the OPE (2.1) it is possible to see that G + has now conformal weight 1. And furthermore one has: 4) provided that the U (1) charge in correlators is c/3, where c is the central charge. For the geometric realizations of the superconformal algebra as nonlinear sigma models into a CY threefold target space c = 9. The cohomology of these operators gives the desired restriction to the finite rings. As the notation suggests restricting to the (a, c) ring gives the A-model and restricting to the (c, c) ring gives the B-model. The coupling to gravity is achieved by defining a correlator for every genus of a Riemann surface and integrating the correlator over the moduli space of Riemann surfaces. The moduli space of a Riemann surface at genus g is described by 3g − 3 Beltrami differentials µ z z , these are anti-holomorphic forms taking values in the holomorphic tangent bundle µ a ∈ H 0,1 (Σ g , T Σ g ) and their complex conjugates µ z z . These differentials are contracted with the two currents which get their conformal weight augmented to h = 2 (h = 2). This construction is motivated from the bosonic string where the anti-ghosts are contracted with the Beltrami differentials in a similar manner. The genus g amplitudes or free energies are now defined by (here for the B-model and g > 1) 8 5) where . . . Σg denotes the CFT correlator and dmdm are dual to the Beltrami differentials. 9 
Mirror symmetry
Mirror symmetry is the identification of the topological field (string-) theories which have as their physical states the (a, c) and the (c, c) chiral rings. Its origin in the superconformal algebra is the sign flip of the left-moving U (1) current J ↔ −J. The power of mirror symmetry comes from the fact that the geometrical interpretation of the deformations and the chiral rings in the non-linear sigma model realizations are very different. The deformation of the A-model seeing the (a, c) chiral ring are deformations of the complexified Kähler form of a CY threefold Z. The physical coordinate on the moduli space of theories is 10
and J is the Kähler form.
The deformations on the B-side are complex structure deformations of a CY Z * . The good physical coordinates are certain periods of the unique holomorphic (3, 0) formΩ, with a certain normalization
with α a ∈ H 3 (Z * ). The appropriate choice of coordinates on the moduli space of complex structures as well as the normalization ofΩ is determined by the geometrical realization of the chiral ring and will be discussed later in these lectures. Mirror symmetry is about identifying mirror families of CY spaces Z t and Z * t * such that for every member of the family h 1,1 (Z) = h 2,1 (Z * ) and the deformations match. The identification of the right physical coordinates on the moduli spaces of the two sides is achieved by realizing the geometrical counterpart of the deformation subring of the chiral ring on both sides.
A-model 3.4.1 A-twist
The effect of the twist (3.2) on the non-linear sigma model with target space Z is changing the bundles of which the fermions are sections (See [6, 9, 10] )
This has the effect that ψ i , χī become scalars on the 2d base manifold of the non-linear sigma model. To analyze the cohomology of
one sets ε − = ε + = ε and ε − = ε + = 0 in (2.32-2.37) such that the supersymmetry variation δ is given by δ = ε Q A .
The variations of the scalar quantities become (2.32,2.34) and (2.33,2.37) 10) which suggests the identification:
where u i ,ūī are local coordinates on Z and d is the de Rham operator. Operators of the topological field theory are associated to points on the manifold and can hence only be made out of 2d scalars, these would have the form 12) which can then be identified with
The operators of the topological theory are in one to one correspondence with the de Rham cohomology of Z. Furthermore the action can now be written as: 14) with the Kähler form J = ig i du i ∧ dū and
The second term depends only on the class β = φ * (Σ) ∈ H 2 (Z, Z). The partition and correlation functions can hence be written as:
By scaling the term in the exponential in the integrand to infinity it is argued that the dominant contributions come from maps such that D = 0. These are holomorphic maps
and it can be shown that these contributions are exact, which is the idea of localization (See [9, 10] and references therein for more details). In these cases the path integral can be defined as integrals over moduli spaces of holomorphic maps and gives mathematical invariants which characterize the target space Z, the Gromov-Witten invariants. Physically the sum over holomorphic maps wrapping various 2-cycles in the target space corresponds to summing over different world-sheet instanton sectors.
Quantum geometry
It was shown that the operators of the topological field theory obtained from the A-twist are in correspondence with the de Rham cohomology and moreover the U (1) charges are identified with the degrees of the forms. The geometric interpretation of the chiral ring is given by the wedge product of forms or equivalently by the intersection ring of Z. However, due to the summation over the all the instanton sectors as in Eq. (3.16), this ring gets modified, giving the quantum cohomology ring, which can be thought of as a quantum mechanical correction to the intersection ring taking into account a counting of holomorphic maps. The introduction of notions from quantum mechanics into geometry is referred to as quantum geometry. Another deviation from the classical understanding of geometry is the notion of the complexified Kähler moduli space. Classically the deformations of the Kähler form would define the Kähler cone. However, the sigma model suggests that the correct quantity to be considered is the complexified Kähler class and the enlarged Kähler moduli space, which can be understood in terms of different regions, called phases which may relate different CY geometries [42, 43, 44] .
In the following a short exposition of the deformation subring of the chiral ring will be given, more mathematical details and background can be found in Refs. [45, 8] . This exposition follows [46] . Quantum cohomology is developed at large volume which refers to the region where the instanton sum in (3.16) has a sensible meaning. Mathematical notions of mirror symmetry in other regions in moduli space are still being developed, see for example [47] and references therein for mirror symmetry involving the orbifold region in moduli space. The deformation subring corresponds to the even cohomology of the CY Z. The complexified Kähler classes are elements in H 2 (Z, C). The pairing is given by the wedge product of forms. To recover the chiral ring structure, an interpretation should be given to following diagram
To define the connection let η 0 be the generator of
. . , n a basis of H 4 (Z, Z) which is dual with respect to the symplectic pairing η a , χ b = δ ab and finally let χ 0 ∈ H 6 (Z, Z) be the dual to η 0 . The connection ∇ A is now defined by
The coefficients C abc are power series in q 1 , . . . , q n defined by rational curves, whose class is given by β ∈ H 2 (Z, Z) 19) where
And where 20) are rational numbers called the Gromov-Witten invariants. One sees from (3.19) , that the geometric interpretation of the threepoint function involves a classical part given by the triple intersection as well as a quantum part given by the sum over instantons.
B-model 3.5.1 B-twist
Returning to the B-twist (3.2), the modification of the bundles of which the fermions are sections becomes
The world-sheet scalars are grouped in the following form: 22) and ψ i z , χ i z are considered to be the (1, 0) and (0, 1) components of a one-form ρ i . To analyze the cohomology of
one sets ε + = ε + = ε and ε + = ε + = 0 in (2.32-2.37) such that the supersymmetry variation δ is given by δ = ε Q B .
The supersymmetry variations suggest the identification [6] 
Operators of the topological field theory made out of 2d scalars have the form 24) which can then be identified with
The operators of the topological theory are in one to one correspondence with (0, q) forms on Z * valued in ∧ p T Z * . Furthermore, the action can now be written as: 
Setting D = 0 the maps φ become trivial since ∂φk =∂φk = 0, these maps map the 2d worldsheet to a point in Z * . The B-model receives thus no instanton corrections. The correlation functions correspond to classical integrals. Furthermore the unique up to scale holomorphic (3, 0) form Ω of the CY threefold Z * can be used to transform the (0, q) forms valued in ∧ p T Z * into (3 − p, q) forms. The deformation operators having charge (1, 1) get hence identified with elements in H 2,1 (Z * ), which parameterize the complex structure deformations.
Variation of Hodge structure
The moduli space on the B-side corresponds to the moduli space of complex structures of the target space Z * . For a CY threefold, the bundle corresponding to the deformation subring is the middle dimensional cohomology H 3 (Z * , C). This space has a natural splitting once a given complex structure is chosen, i.e., at a specific point in the complex structure moduli space. The split is
This split identifies the unique up to scale holomorphic (3, 0) form Ω. It permits furthermore a natural notion of complex conjugation, namely H p,q (Y ) = H q,p (Y ). The term Hodge structure refers to H 3 (Z * , C), together with the split (3.29) and with a lattice given by H 3 (Z * , Z) which generates H 3 (Z * , C) upon tensoring with C (See Refs. [48, 49] and references therein for more details). The split (3.29) does however not vary holomorphically when the complex structure moduli are varied. The non-holomorphicity of this split is at the origin of the holomorphic anomaly equations which will be discussed later. There is however a different split of the bundle which varies holomorphically over the moduli space of complex structures. This split is given by the Hodge filtration
, where the spaces in brackets are defined by
To recover the splitting (3.29) one can intersect with the anti-holomorphic filtration
Instead of a fixed target space, one can consider a variation family by varying the complex structure of Z * . In this case the filtration is equipped with a flat connection ∇ which is called the Gauss-Manin connection with the property ∇F p ⊂ F p−1 , which is called Griffiths transversality. This property permits an identification of the derivatives of Ω(x) 11 ∈ F 3 with elements in the lower filtration spaces. The whole filtration can be spanned by taking multiderivatives of the holomorphic (3, 0) form. Fourth order derivatives can then again be expressed by the elements of the basis, which is reflected by the fact that periods of Ω(x) are annihilated by a system of differential equations of fourth order called the Picard-Fuchs (PF) equations. The PF equations capture the variation of Hodge structure which describes the geometric realization on the B-model side of the deformation of the N = (2, 2) superconformal field theory and its chiral ring [50] , see also ref [51] for a review. Schematically the variation takes the form:
The dimensions of the spaces (
. Elements in these spaces can be obtained by taking derivatives of Ω(x) w.r.t the moduli. A section of the filtration can be given by the following vector w(x) which has 2h 2,1 + 2 components:
where θ i = x i ∂ x i , i = 1 . . . , h 2,1 (Z * ) with x i some local coordinates and x * some fixed choice of coordinate such that the h 2,1 elements θ i θ * Ω(x) span F 1 /F 2 . Using w(x) the period matrix can be defined
the first row of which corresponds to the periods of Ω(x). The periods are annihilated by the PF operators. Furthermore Griffiths transversality together with the symplectic pairing given by integrating the wedge product of two three forms over the CY allows one to define the threepoint functions 12
(3.35)
Special/flat coordinates
A special set of coordinates on the moduli space of complex structures will be discussed which permit an identification with the physical deformations of the underlying theory. These coordinates are defined within special geometry which was developed studying moduli spaces of N = 2 theories. 13 Choosing a symplectic basis of 3-cycles A I , B J ∈ H 3 (Z * ) and a dual basis α I , β J of H 3 (Z * ) such that
the (3, 0) form Ω(x) can be expanded in the basis α I , β J : 14
The periods X I (x) can be identified with projective coordinates on M and F J with derivatives of a homogeneous function F(X I ) of weight 2 such that F J = ∂F (X I ) ∂X J . In a patch where X 0 (x) = 0 a set of special coordinates can be defined
The normalized holomorphic (3, 0) v 0 = (X 0 ) −1 Ω(t) has the expansion:
The Yukawa coupling in special coordinates is given by
Defining further the vector with 2h 2,1 + 2 components:
which gives by construction:
which defines the (2h 2,1 + 2) × (2h 2,1 + 2) matrices C a , in terms of which the equation can be written in the form:
The entries of v correspond to elements in the different filtration spaces discussed earlier. Eq. (3.45) defines the Gauss-Manin connection in special coordinates. The upper triangular structure of the connection matrix reflects the effect of the charge increment of the elements in the chiral ring upon insertion of a marginal operator of unit charge. Since the underlying superconformal field theory is isomorphic for the A-and the B-models, this set of coordinates describing the variation of Hodge structure is the good one for describing mirror symmetry and provide thus the mirror maps. The power of mirror symmetry comes from the fact that the computation on the B-model side are well under control since they are connected to the variation of complex structure. The computations which are involved are classical. The identification with the non-trivial quantum geometry of the A-model is done by finding the right set of mirror maps, which are the special coordinates which are also called flat coordinates. These are the coordinates in terms of which the Gauss-Manin connection has the form of Eq. (3.44). There are several techniques [50, 57, 58, 51, 60, 61, 62, 63, 28] to identify the special set of coordinates which allows an identification with the physical parameters and hence with the A-model side. This will be outlined in the following for the example of the quintic.
Example of mirror geometries
In the following an example of a construction of mirror manifolds as well as finding the appropriate mirror maps will be discussed. The exposition will be rather concise referring to [12, 8, 48, 9, 64] and references therein for further details. The quintic Z denotes the CY manifold defined by
where P is a homogeneous polynomial of degree 5 in 5 variables x 1 , . . . , x 5 . The mirror quintic Z * can be constructed using the Greene-Plesser construction [11] . Equivalently it may be constructed using Batyrev's dual polyhedra [65] in the toric geometry language 15 . In the GreenePlesser construction the family of mirror quintics is the one parameter family of quintics defined by
after a (Z 5 ) 3 quotient and resolving the singularities. In the following, the mirror construction following Batyrev will be outlined. The mirror pair of CY 3-folds (Z, Z * ) is given as hypersurfaces in toric ambient spaces (W, W * ). The mirror symmetry construction of Ref. [65] associates the pair (Z, Z * ) to a pair of integral reflexive polyhedra (∆, ∆ * ).
The A-model geometry
The polyhedron ∆ is characterized by k relevant integral points ν i lying in a hyperplane of distance one from the origin in Z 5 , ν 0 will denote the origin following the conventions of Refs. [65, 66] . The k integral points ν i (∆) of the polyhedron ∆ correspond to homogeneous coordinates u i on the toric ambient space W and satisfy n = h 1,1 (Z) linear relations:
The integral entries of the vectors l a for fixed a define the weights l a i of the coordinates u i under the C * actions
The l a i can also be understood as the U (1) a charges of the fields of the gauged linear sigma model (GLSM) construction associated with the toric variety [42] . The toric variety W is defined as W (C k − Ξ)/(C * ) n , where Ξ corresponds to an exceptional subset of degenerate orbits. To construct compact hypersurfaces, W is taken to be the total space of the anti-canonical bundle over a compact toric variety. The compact manifold Z ⊂ W is defined by introducing a superpotential W Z = u 0 p(u i ) in the GLSM, where x 0 is the coordinate on the fiber and p(u i ) a polynomial in the u i>0 of degrees −l a 0 . At large Kähler volumes, the critical locus is at u 0 = p(u i ) = 0 [42] .
An example of CY manifold is the quintic which is the compact geometry given by a section of the anti-canonical bundle over P 4 . The charge vectors for this geometry are given by: 1 1 1 1 1 ) . 
The B-model geometry
The B-model geometry Z * ⊂ W * is determined by the mirror symmetry construction of Refs. [67, 65] as the vanishing locus of the equation
where a i parameterize the complex structure of Z * , y i are homogeneous coordinates [67] on W * and X m , m = 1, . . . , 4 are inhomogeneous coordinates on an open torus (C * ) 4 ⊂ W * and
. The relations (3.48) impose the following relations on the homogeneous coordinates
The important quantity in the B-model is the holomorphic (3, 0) form which is given by:
Its periods
are annihilated by an extended system of GKZ [68] differential operators 
the z a , a = 1, . . . , n define local coordinates on the moduli space M of complex structures of Z * . The charge vector defining the A-model geometry in Eq. (3.49) gives the mirror geometry defined by:
where the coordinates y i are subject to the relation Changing the coordinates y i = x 5 i , i = 1, . . . , 5 shows the equivalence of (3.47) and (3.58) with
Furthermore, the following Picard-Fuchs (PF) operator annihilatingπ α (z i ) = a 0 π α (a i ) is found:
The discriminant of this operator is
and the Yukawa coupling can be computed:
The PF operator gives a differential equation which has three regular singular points which correspond to points in the moduli space of the family of quintics where the defining equation becomes singular or acquires additional symmetries, these are the points 16 • z = 0 , the quintic at this value corresponds to the quotient of 5 i=1 x i = 0 which is the most degenerate Calabi-Yau and corresponds to large radius when translated to the A-side.
• z = 5 −5 this corresponds to a discriminant locus of the differential equation (3.61) and also to the locus where the Jacobian of the defining equation vanishes. This type of singularity is called a conifold singularity. Its A-model interpretation is going to be very useful in the context of higher genus amplitudes in at a later stage.
• z = ∞ , this is known as the orbifold point in the moduli space of the quintic and it corresponds to a non-singular CY threefold with a large automorphism group. This is reflected by a monodromy of order 5.
Finding the special/flat coordinates
The deformations of complex structure of the B-model geometry are typically deformations of the defining equation such as Eq. (3.47). The geometric quantities which correspond to the physical generating functions of interest are computed as functions of these deformation parameters. A physical interpretation of the generating functions in terms of instanton sums using the mirror map to the A-model requires finding the good coordinates to describe the deformation problem on the B-model side. These are the special/flat coordinates discussed earlier. It will be sketched in the following how these can be found in the locus in the moduli space of the mirror quintic which is in the vicinity of z = 0. This is the patch in moduli space mirror to the large volume of the A-model, which is the locus which admits an interpretation in terms of quantum cohomology. The logic is to span the Hodge filtration by acting with derivatives on Ω and expressing the PF equation as a connection on the deformation bundle. By a change of normalizations and of coordinates, the connection can be brought to the upper triangular form which reflects the chiral ring property. Traditionally, the singularity structure at large volume also permits an identification of the mirror map and the Yukawa couplings as reviewed in [48] for example. Transforming the connection on the deformation bundle however allows one to find the physical coordinates in various patches in moduli space, which is required for many applications, see for example [61, 62, 28] . Choosing the following section of the Hodge filtration: 64) one can use the Picard-Fuchs equation (3.61) to read off the following connection matrix
where ∆ = 1 − 3125z. This can be written as
To find the basis and the coordinate in terms of which the connection becomes the topological connection, the following ansatz is made
the vector transforms as Ω(z(t)) t = A(t) Ω z .
Transforming the connection matrix M z with
Requiring the matrix M t to have the form:
gives differential equations for the functions in the ansatz, which are solved by:
Higher genus recursion
The central theme in the following are the holomorphic anomaly equations of Bershadsky, Cecotti, Ooguri and Vafa (BCOV) [18, 19] . These relate recursively the topological string amplitudes at genus g, F g which were defined in sec. (3.2) to amplitudes of lower genus. The derivation of BCOV is based on a worldsheet analysis of the SCFT underlying topological string theory. It was previously shown that one can construct four topological string theories out of the SCFT depending on which finite chiral ring one wants to restrict the attention to. These were the A/anti -A-model and the B/anti-B-models corresponding to the (a, c)/(c, a) and (c, c)/(a, a) rings, respectively. The key insight which allows the derivation of the equations is the failure of decoupling of deformations coming from the anti-ring. For instance, deformations coming from the (a, a) ring will have an effect on the amplitudes of the B-model which is supposed to be only deformed by marginal fields coming from the (c, c) ring. The starting point for the analysis are the tt * equations of Cecotti and Vafa [70] . The setup for these is to reconsider the deformation subring discussed previously and to replace half of the states with states coming from worldsheet CPT conjugate operators. In terms of the variation of Hodge structures the interplay of the two theories leads to a consideration of the non-holomorphic variation of the Hodge split instead of the filtration which varies holomorphically as captured by the Picard-Fuchs operators. The set of equations obtained from the variation are familiar in the language of supergravity where they reflect the special geometry of the manifold of the scalars of the vector multiplets. See [51, 71] for an overview.
tt * equations
To state the tt * equations, half of the states in the deformation bundle are replaced by states coming from the worldsheet CPT conjugate operators. The states created by the charge (2, 2) and (3, 3) operators that were introduced with upper indices with respect to the topological metric are replaced using the so called tt * metric which is obtained using the worldsheet CPT operator Θ 17 , 18 g ab = e a |Θe b .
Using this metric a new basis for the dual states can be defined as follows
This tt * metric induces a connection on the bundle V which is compatible with the holomorphic structure. It is given by
where (A i ) a b = g bc ∂ i g ac and (|e a ) denotes the vector (|e 0 , |e i , |eī , |e0 ) T , in matrix form the connection reads
Moreover the action of the chiral ring operators φ i , φī becomes in this basis
and
As pointed out previously the ground-state |e 0 of the SCFT is unique up to scale. This means that it is a section of a line bundle L over the moduli space M. Moreover, as the |e i states are created by the operators which also parameterize the deformations of the theory, these can be identified with sections of L ⊗ T M. The reason they are also sections of the line bundle is because they inherit the arbitrary scale from the ground-state. The bundle of ground-states can hence be organized as
The tt * equations [70] 19 can now be spelled out
The last one of these equations is particularly interesting as it allows to define a modified connection which has vanishing curvature
This connection is the Gauss-Manin connection which was already encountered in the discussion of topological field theory and variation of Hodge structures.
Special geometry of M
The tt * metric on V C can further be used to define a metric on M by restricting to the T M valued part of the metric and its complex conjugate. The metric obtained in this way is the Zamolodchikov metric which is defined by
Setting further
it is shown that G i = ∂ i ∂K and hence the Zamolodchikov metric is Kähler. Furthermore, the last equation of (4.8) can be translated into the following statement about the curvature of G i
where D is the covariant derivative with connection parts which follow from the context
for the cotangent bundle and the line bundle respectively and
The Kähler condition together with the condition on the curvature makes the manifold M a special Kähler manifold, the geometry of which is called special geometry. (See [56, 51, 71, 59] and references therein.) The Yukawa coupling in this setting is a holomorphic section of L 2 ⊗ Sym 3 T * M.
Here it will be shown that the tt * formulation of the geometry of the deformation bundle corresponds on the B-model side to the non-holomorphic variation of the Hodge bundle
Taking as section of L the unique up to scale holomorphic (3, 0) form Ω ∈ H 3,0 (X) and the inner product which is given by taking wedge products of forms and integrating over X, the metric on the line bundle is
One can define elements in H 2,1 and H 1,2 in the following way
With inner product
Defining the Yukawa coupling 16) one can compute
Taking as a section of V C the following vector 18) one recovers the Gauss-Manin connection
This matrix equation can be translated into the following fourth order differential equation for 20) which is the Picard-Fuchs equation. In Ref. [58, 51] it is shown that this equation is equivalent to the holomorphic Picard-Fuchs equations encountered previously and that choosing the nonholomorphic variation of Hodge structures is merely a choice of gauge for the vector Ω.
Anomaly equations and their recursive solution
It was argued that deformations of the topological string theory corresponds to the addition of terms of the form z
to the action S. z i are complex coordinates on M, the notation change from t i to z i is to make manifest the difference between the topological/special coordinates t i for which taking derivatives corresponds to insertions and the more general coordinates z i for which insertions correspond to taking covariant derivatives. Hence, amplitudes with insertions of n descendants of marginal (c,c) fields (for the B-model) can be defined by [19] 
Taking a derivative with respect to zī on the other hand corresponds to inserting a descendant of marginal (a, a) operator
Within topological field theory such an insertion in a correlator would vanish as the second part of the equation shows that the operator is Q B exact. The field theory argument for this decoupling is that the operator Q B is a symmetry of the theory and can be commuted through the correlator until it acts on a ground-state and gives zero. The failure of this argument in the case of topological string theory is outlined in the following. The formula for F g is given again 23) one can see that while commuting G + and G + through the correlation function defining F g that these will hit the G − and G − which are contracted with the Beltrami differentials, this will give by the superconformal algebra the energy momentum tensor T . The energy momentum tensor in turn measures the response of the theory to a variation of the metric and can hence be traded for derivatives
∂m∂m on the moduli space of Riemann surfaces M g as this latter space precisely parameterizes such changes. One is thus finally left with an integral of a derivative with respect to the moduli of Riemann surfaces over the moduli space of Riemann surfaces which is zero up to boundary contributions. It is exactly these contributions coming from the boundary of the moduli space of Riemann surfaces which is arranged in the holomorphic anomaly equations. These are pictured diagrammatically in the following, for the full derivation of the equations reference is given to the original work [18, 19] . The equations read
, (4.24)
For g = 1 the equation is∂ī
Solution in terms of Feynman diagrams
BCOV proposed together with the anomaly equation [19] a method to recursively solve for the F (g) s. The idea is to partially integrate the anti-holomorphic derivative appearing in the anomaly equation until one ends up with an expression of the form
where f (z) is the holomorphic ambiguity. To be able to do this in practice they first note that the anti-holomorphic Yukawa coupling can locally be written as
where S is a section of L −2 . One can further introduce some objects S ij , S i which are sections of
Now the procedure is to successively partially integrate the anomaly equation as follows, first write∂ī
, then the repeated use of the expression found for the curvature [∂ i , D j ] and the knowledge of ∂ i Fg withg < g yields the desired result. They further remarked that the expressions found this way resemble Feynman diagrams if one considers a quantum system with one more degree of freedom than the dimension of the moduli space M, where the propagators are given by
and vertices are given by the correlation functions with insertions. Furthermore a proof was given for the expansion in terms of Feynman diagrams. One of the practical shortcomings of this procedure is however that the number of iterations grows very fast, expressions for the F (g) become very long. On the other hand the recursive information contained in the anomaly equation needs to be supplemented by boundary conditions at every step in order to fix the holomorphic ambiguities.
Polynomial structure of higher genus amplitudes
The higher genus free energies of the topological string can be interpreted as giving certain amplitudes of the physical string theory. 20 The full topological string partition function conjecturally also encodes the information of 4d BPS states [73] . It is thus natural to expect the topological string free energies to be characterized by automorphic forms of the target space duality group. The modularity of the topological string amplitudes was used in [19] to fix the solutions of the anomaly equation. The modularity of the amplitudes is most manifest whenever the modular group is SL(2, Z) or a subgroup thereof. The higher genus generating functions of the Gromov-Witten invariants for the elliptic curve were expressed as polynomials [74, 75] where the polynomial generators were the elements of the ring of almost holomorphic modular forms E 2 , E 4 and E 6 [76] . Polynomials of these generators also appear whenever SL(2, Z) is a subgroup of the modular group, as for example in Refs. [77, 78, 79, 80, 28, 81] . The relation of topological strings and almost holomorphic modular forms was further explored in Refs. [23, 82, 24] . For most moduli spaces of CY manifolds and their monodromy groups, the appropriate automorphic forms are however not known. It turns out that using special geometry is enough to prove a polynomial structure of the higher genus topological string amplitudes [21, 22] , which will be reviewed in the following. Yamaguchi and Yau proved in [21] that the higher genus amplitudes of the topological string for the mirror quintic and related geometries with a one dimensional space of deformations of complex structures can be expressed as polynomials of degree 3g − 3 + n where n refers to the number of insertions, in a finite number of generators. As generators of the polynomials some elements of special geometry were used which appear on the r.h.s of the holomorphic anomaly equation, namely multi-derivatives of the connections. The non-holomorphic generators of [21] consist of
As a holomorphic generator X ∼ 1 ∆ with ∆ discriminant was used. In a next step, relations between the generators are shown such that the infinite number of non-holomorphic generators can be reduced to A 1 , B 1 , B 2 and B 3 . Furthermore from the analysis of the holomorphic anomaly equation it can be proven [21] that only special combinations of the generators appear in the topological string amplitudes and thus the number of non-holomorphic generators gets reduced by one.
The generalization of this construction to CY manifolds with a moduli space of arbitrary dimension was given in Ref. [22] . 21 This construction will be reviewed in the following along with the necessary boundary conditions to solve the holomorphic ambiguities at each step of the recursion.
In Ref. [22] it was proven that the correlation functions F (g) i 1 ···in are polynomials of degree 3g − 3 + n in the generators K i , S ij , S i , S where a grading 1, 1, 2, 3 was assigned to these generators, respectively. It was furthermore shown that by making a change of generators [22] 
the F (g) do not depend onK i , i.e., ∂F (g) /∂K i = 0. The tilde will be dropped from the modified generators in the following. The proof relies on expressing the first non-vanishing correlation functions in terms of these generators. At genus zero these are the holomorphic three-point couplings F (0) ijk = C ijk . The holomorphic anomaly equation Eq. (4.24) can be integrated using Eq. (4.27) to 30) with ambiguity f
i . As can be seen from this expression, the non-holomorphicity of the correlation functions only comes from the generators. Furthermore the special geometry relation (4.11) can be integrated:
where s l ij denote holomorphic functions that are not fixed by the special geometry relation, this can be used to derive the following equations which show the closure of the generators carrying the non-holomorphicity under taking derivatives [22] . 22
where h jk i , h j i , h i and h ij denote holomorphic functions. All these functions together with the functions in Eq. (4.31) are not independent. It was shown in Ref. [26] (See also [25] ) that the freedom of choosing the holomorphic functions in this ring reduces to functions E ij , E j , E which can be added to the polynomial generators
All the holomorphic quantities change accordingly. The topological string amplitudes now satisfy the holomorphic anomaly equations where thē ∂ī derivative is replaced by derivatives with respect to the polynomial generators [28, 22] .
. The construction of the generators of the polynomial construction has been discussed in Ref. [26] . The starting point is to pick a local coordinate z * on the moduli space such that C * ij is an invertible n × n matrix in order to rewrite Eq. (4.31) as
The freedom in Eq. (4.33) can be used to choose some of the s k ij [26] . The other generators are then constructed using the equations (4.32) [26] : In both equations the index i is fixed, i.e., there is no summation over that index. The freedom in adding holomorphic functions to the generators of Eq. (4.33) can again be used to make some choice for the functions h ii i , h i i , the other ones are fixed by this choice and can be computed from Eq. (4.32).
Boundary conditions

Genus 1
The holomorphic anomaly equation at genus 1 (4.26) can be integrated to give:
where i = 1, . . . , n = h 1,1 (Z) = h 2,1 (Z * ), and a runs over the number of discriminant components. The coefficients s i and r a are fixed by the leading singular behavior of F (1) which is given by [19] Higher genus boundary conditions
The holomorphic ambiguity needed to reconstruct the full topological string amplitudes can be fixed by imposing various boundary conditions for F (g) at the boundary of the moduli space.
The large complex structure limit
The leading behavior of F (g) at this point (which is mirror to the large volume limit) was computed in [18, 19, 83, 13, 84, 14] . In particular the contribution from constant maps is 42) where q a denote the exponentiated mirror map at this point.
Conifold-like loci
The leading singular behavior of the partition function F (g) at a conifold locus has been determined in [18, 19, 85, 86, 13, 14] Here t c ∼ ∆ 1 m is the flat coordinate at the discriminant locus ∆ = 0. For a conifold singularity b = 1 and m = 1. In particular the leading singularity in (4.43) as well as the absence of subleading singular terms follows from the Schwinger loop computation of [13, 14] , which computes the effect of the extra massless hypermultiplet in the space-time theory [87] . The singular structure and the "gap" of subleading singular terms have been also observed in the dual matrix model [88] and were first used in [89, 90] to fix the holomorphic ambiguity at higher genus. The space-time derivation of [13, 14] is not restricted to the conifold case and applies also to the case m > 1 singularities which give rise to a different spectrum of extra massless vector and hypermultiplets in space-time. The coefficient of the Schwinger loop integral is a weighted trace over the spin of the particles [87, 86] leading to the prediction b = n H − n V for the coefficient of the leading singular term. The appearance of the prefactor b in the case m > 1 has been discussed in [26] for the case of the local F 2 (see also [91] ).
Higher genus
Using the holomorphic anomaly equation in its polynomial form (4.34,4.35) and the boundary conditions, the higher genus amplitudes can be fixed. For example at genus 2 with the given choice of generators this gives: Using the polynomial generators of Ref. [21] , the boundary conditions reviewed earlier as well as additional counting techniques for invariants as in Ref. [93] , it was possible in Ref. [90] to solve the quintic to very high genus.
